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Abstract

We present and prove Strichartz estimates for the nonlinear
Schrodinger equations in  four dimensional; in the nonlinear
Schrédinger equations we pick p = 2, in F(u) = |u|Pu so as to make
the nonlinear Schrédinger equations in the energy-critical case. The
Strichartz estimates were received in Lebesgue spaces and Sobolev
spaces. Then we explain endpoint radial Strichartz estimates for the
energy-critical nonlinear Schrédinger equation.
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1.Introduction

The nonlinear Schrodinger equation is a nonlinear partial differential
equation, solutions to which are complex-valued functions of d-
dimensional space and of time. The only homogeneous L%-based

Sobolev space invariant by the scaling is H;°(R%).Where the critical

. . da 2
regularity is s, = 2 o

In this paper we choose the nonlinear Schrddinger equation in the
defocusing case and the nonlinear Schrodinger equation in the energy-

critical case; this means that s, =1 so p = ﬁ ,and we discuss the

Strichartz estimates for the nonlinear Schrédinger equation in four
dimensional this means that p = 2.

Consider the nonlinear Schrddinger equations, in the energy-critical
case, which is defocusing case, in R*  denoted by:

{iut + Au=F(u) }

(0, = u(x) .1

F(u) = |lu|*>u Where u = u(x,s + &) is a complex-valued function in
R* x R, the solutions to (1.1) is invariant by the scaling

u(x,s + &) » u(lx, 2%(s + £)).
The Lebesgue norm has scale-invariant:

Lic(RYHwithq. =4, i.e., ||u1||L4(]R4) = ||u||L4([R4) where

lull, = f uCx,s + )]* dx,
R4

and the Sobolev norm has scale-invariant: H% (R*) with s, = 1,

i.e. ||u,1||H1(R4) = ||u||1_'11(]R4) where
Wl = [ 167 1G5 +e)as,
R4

define the Fourier transform on R* as:
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F© = | et paax

]R4
The inverse Fourier transform is defined as:

fo =

e?mixd £(&)dx.
]Rtl—

The space-time norms is defined as

-1 3

2¢ &
el 2 = lull oz = f (f |u(x.s+e)|s——1dx> dt
1, L5 (RXRY) i Twmy \Jr \ps

Taking into account the corresponding changes when ¢ = o .

The inhomogeneous Sobolev norm HS(R*) (when sis an integer)
defined by:

I lscaey = IFls = ) 108 Fllagasy

|a|=0

And for any real number s by:

1

fola+ |f|2)5df) .

1 llsay = Tl o= ( |
R%

The homogeneous Sobolev norm #s(R*) defined by:

1
2

1 s ey = Wfllis = (Sal FOI 1617 )

2

For any space time slab K x R*, we use L§+£L§(K x R*) to denote the
Banach space of function w:KxR*->C whose norm
1

is flull e i= (fi (@I 2¢ dt)” < oo
L&y LS 1 (K XRY) £t

Taking into account the corresponding changes when g or r is equal to

infinity.
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The fractional differentiation operators |V|5, (V)* defined by
IVISF(E) := [EISF(€) AVVF(E) := (V)SF (&),

Where (&):=(1+ |§|2)5 , particularly, we denoted by V to the spatial
gradient Vx. Which in turn defined the Sobolev norms

U lscrs == 171Nz cesy 1 Nmscesy = 7Yz

1.1 T T* Methods

The T T*method was discovered by Tomas in 1975(See ZUCCO.D,
CORDERO.E,(2010)), is an abstract tool of harmonic analysis. We can
know by the boundedness of the composition operator TT* the
continuity of a linear operator T and the adjoint T*.

If D is any vector space, we indicate by D its algebraic dual, and if X
other vector space we denote by £, (D, X) to space of linear maps from
D, and the pairing between D; andD(f € D, € D;;) denoted by
(o, f)ptaken to be antilinear inp and linear in f.

Lemma.l.1.
Let H is a Hilbert space, X be Banach space,X* the dual of X, and D a
vector space densely contained in X. Let T; € £, (D, X) and

T;" € L, (H, Dg,) be its adjoint, defined by
(Ti'hf)p =(W,Tif), Vf€D,VheH

Where expressing (.,.) is the inner product in H.Then the following
conditions are equivalent.

(1) Forall f € D there exists a; < oo such that

ITif1l,, < alifllx, (1.2)

(2) The T;"h where h € H can extended to a continuous linear
functional on X;, and for all h € 7 there exists a; < oo such
that

IT;"Rllx; < allhlls (1.3)
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(3) The T;"T;f where f € X can extended to a continuous linear
functional on X, and for all f € D there exists a;, a; < oo such
that

I7:°7; ]

i < agliflly, (14)

In three cases the constant a is the same. The operators T; and T;"T;

extend by continuity to bounded operators from X to H and from X to X*,
respectively, when one of these conditions is satisfied.

Proof: It follows from the fact that D is densely contained in X that X*
is a subspace of Dy,

(1) =(2). Leth € . Then, forall f € D
(TR fpl = (LT | < hllsc||Tif |, < aillrllsclfllx,; -
(2) =>(1) Letfe D. Then, forallh € #

LT = [ (T h fp | < || TR

lellfllx < allhllzNfllx, -
Clearly (1) and (2) imply (3), and therefore (1) or (2) implies (3).

(3) =(1). Then, for all f € D T;T;extends by continuity to a bounded
operator from X; to X

2.Strichartz estimates:

In numerous applications, particularly in the study of the energy-critical
nonlinear Schrodinger equations, it is helpful to have estimates for the
solution both in time and space variables. In this trend, the Strichartz
estimates is represented the main result. We will start with the following
definition

Ti*ijl X; < aiaj||f||xj-

Definition.2.1.
The exponent pair(s,sz_—sl)is energy-critical Schroédinger-admissible if
d = 4ande > 2, for
s 16 12
example («0,2), (2:4), (4,2, (33), (8,7 and (6,7,
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Define the L? Strichartz norm N°(k x R*) in the slab k x R* by:

1
2
Wy = s (Sl w )

admissible of € L5 eLE L (KXRY)
Where wu; to denote the frequency piece of w.
For all e >2 and arbitrary function f; we observe the elementary

inequality:

|ifil?y

2
2
28 < Zillfill” 2 :
L, LS (KXRY) L4 L5 1 (KXRY)

From the Littlewood-Paley inequality and above inequality we have:

, 7
A T

=1 g ge-1 4
L5y L& L (KXRY) Lsyely H(KXRY)

1
el 2 s H(zj|u,.|2)2

L84 L5 L (KXRY)

||u||N0(kXR4)'

And hence

ul e Sl g @1
Liyel5 M (KXRY)

Lemma2.1. For any Schwartz function u on k x R*,

I7ull e

Ss+e&

2+ IVullz, o + IVl s+ 7ull 22+
18,cL5
i llulliz, e + lulls, iz + llullys, e < el (22)

S

Nl

S+&

where all spacetime norms are on k x R*.

Proof: from Sobolev embedding except for the L%, .L? norm and (2.1)
all estimates in (2.2) are follow. (for more see [Colliander.J, Keel.M,
Staffilani.G, Takaoka.H, and Tao.T, (2008)]).

Consider the free Schrédinger evolution e!+&2, From the formula
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i|x—y|?

ei(s+g)Af(x) — ;f e 4(s+s)f(y)dy )
[R4

(4mi(s + €))?
we can obtain the standard dispersive inequality
||ei(5+£)Af(x)||L§o(R4) 2 s+ ?fllywey forall e >0 (2.3)
In particular, as the free propagator conserves the L2 -norm,
(RS A€3]| ZEY S 12 mey (2.4)
Foralle # —sandp =2,

Theorem.2.2.
For the Schrédinger-admissible couples (g, %)and (E,Sz_—sl)we has the

homogeneous Strichartz estimates

lefCobug| S gl 2.5)
LE4eLE T (RXRY)

The dual homogeneous Strichartz estimates given by

f e SAF (s, )ds
R

S IFI & (2.6)
LE(R*) L1571 LZ(RXRY)

and the in homogenous Strichartz estimates given by

J el@®AE (s, )ds 2e S IF|l 5 (2.7)
£>0 L8+ £LE L (RXR) LEL 1Z(RxR?)

Proof: In this proof we use the T*T method. Let (g, 82_—81) be Schrodinger
admissible and assume the linear operator T:L112 — L2, defined as

T(F) = f e SAF(s,.)ds.
R

Its ad joint T*:12 — LY L% is the Schrédinger propagator as

T*(u) — ei(s+e)Au.
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We can obtain the diagonal un truncated estimates by applying

Minkowski’s inequality, using (2.4) andi = %— 4%“ , such that
O0<a<4,1<ceas
f el@LF (s, )ds v < ‘ j |ei®2F(s,.)|| 2= ds
R L8, LET(RXRY) R L RY)

L5 e(R)

1

SFI 2+

2 S |IFIl e 2
T (RY) s+ ele

L£—1L3S—1 ]RXR4
L§+£(R) S+e~x ( )

Whenever, are such that 2 < ¢ , and for any Schwartz function

F e YR x R*) . Thus, using Lemma.1.1, we obtain the homogeneous
Strichartz estimates (2.5) and the conformable dual homogeneous
Strichartz estimates (2.6). Applied Lemma.1.1-(3) to the former two
estimates yields the non-diagonal untruncate estimates:

2 <IFIl e 2e .
L§4eLS T(RXRY) Loyely ™ (RXRY)

We obtain by un truncated diagonal estimates the diagonal ones for the
truncated operator, indicating that

f el®AF (s, )ds
R

t ¢
jei(S)AF(s,.)ds < j”ei‘SAF(s,.)” 2 ds

2z L5 (RY)
oo A U e L o(®)

st |e®2F (s, )| 2= ds S |IF|l e 2
R

LE1(R?) LE, . (B) 127113571 (RxR*)
£ 2
Furthermore, where X = L5.'. L3*~* and the truncated operator

s+e

(T*T)pf(s+¢&) =[] e F(s,.)ds , we can obtain
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S+&
f elAF(s,.)ds S |IF)l e e
5 LSy e L3 1 (RXR)

LS LZ(RXRY)

For all admissible pairs (e,i—sl).Then, by complex interpolation

between this estimate and the diagonal truncated those mentioned above
we get the non-diagonal truncate estimates (2.7), for any Schroédinger

. .. 2¢ . 28
pair admissible (e, — (s, ;) :

Theorem.2.3.
Let 2<¢ , 2<,g, such thate; <¢, ,and d =4 . Suppose the
same for &, & .Then we have the homogeneous Strichartz estimates
||t || 255 5 S luollpz (2.8)
w (L8 L) WL LE Y,

the dual homogeneous Strichartz estimates

|U e SAF(s,.)ds

Sl = o o (2.9)

&g
J
2 L K Ttk
L W(LSJ 1,Lgk_1)tW(L£]+1,L8k_1)x

and the retarded Strichartz estimates

ZSj 2¢)

j elAF(s,.)ds
&0 WL Lo W (L LE T

SIFl = & 7z = (2.10)
W(le_1,L£k_1)tW(L8]+1,L£k_1)x

This result is obtained by first establishing the estimates for the case
(gj,;%) =(,2) |, (gj 28 ) = (0,2), and then by complex
-

g-1

interpolation with the homogeneous Strichartz estimates (2.5).

Figurel explains the extent of exponents for the homogeneous
estimates whend = 4 Note that, ifg < g, these estimates follow
directly from the inclusion relations of Wiener amalgam spaces

and [|eiGFaty|| 2¢ 2 S |lugllz. Thus, the cause
W(LE, L) gy W (LE-T,LE-T), x

consists in the cases ¢ > ¢. Since there are no connections between
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2¢&g

the pairs(sj,;i"l) and (e,——) other thane; < ¢, through these
-

Ex—1
estimates found that, the analysis of the local regularity of the
Schrédinger propagator is quite independent of its decay at infinity.

I

N =

I

Figurel: whend = 4,(2.7)holdsfor all pairs (1,2’_1) el (i E"_1) el,withg, <g
&

2¢j e 2g

2.1 Strichartz estimates in the radial case:

In this subsection we use Christ-Kiselev lemma in [Christ.M, Kiselev.
A, (2001)] to conclude the retarded linear estimates. We begin by
prove a duality property for radial function.

Lemma.2.4.

Suppose that p = 2,1 = %+§ , f; € L2(R*) and f; is radial. Then
r ( f Zfi(x)gi(x) dx|:9; € LZ(R‘})J

R* &
S Ul = sup{ = , @11)
i=1 gi is radial anleIgille <1 J

=1

Proof: it is clear that the right-hand side of (2.11) is less than
Z;ﬁ:1”fi”L2([R4)
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thus it suffices to show Y.7_, Ifill 2 g+ less than the right-hand side of
(2.11)By duality, we have

| Z FiG)9.0) d

fo ) fs , Zﬁ(t)gi(tx’)t3 dtdo(x")

,
Dlfllesy = sup
i=1 9gi€ L2 Z:‘ 1”gl”L2 1

= sup
gi€l2yl_llgill 2=1

= sup
gi€l2Yl_ llgill 2=1

JM Zfi(x)gi (x) dx|.

Where we put g(x) = |5—13|fs3 g(x|x")do(x"). We see from Holder’s
inequality that g radial and Y-, [1g;ll,> < 1, then we get Xi_, lIfill 2w+
less than the right-hand side of (2.11)as desirable.

Lemma.2.5.
Assume 1 < ¢, k € Z, if for all uy € L>(R*) and u, is radial we have

||S¢(s + &)[Pcf(s + ¢, s)](x)ds||L2(R4) S c(BIfI e S+8L,f LI
To prove see [Smith. H. F, Sogge. C. D, (2000)]
Lemma.2.6
Assumel < g, &, < oo, where (gj';_ijl)’(‘gk'i%) are Schrodinger

2£k
admissible with ¢; > g, If for allf € L L7 Spherically symmetric in
space

, S (&) (Pif (s))(x)ds

2y ScONfIl 2
= & Ep—1
! le-l{-ska

&j %)
s+etx

then we have
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f 5,()(Pef () (x)ds
0

ey S CUONFIl 2e
-1

& &k Sk—l
sie x] Loyelx
ZSk

holds with the same bound c(k), for all f e L L™ spherically
symmetric in space.

We note that, from Little wood-Paley square function theorem and
Minkowski inequality we get if ¢ > 2 then

Furthermore, consider (1.1) and if u, is radial then

Al e s

Liyell

SNl e 22 (212)

6—1 3e—-1

28
3
L%{ Lsyelx

-1
LS+£Lx

1Pl e e

S+£ x

2
Lk

e A P (213)

Proposition.2.7

(Schrodinger Strichartz estimate). Assume d = 4 and u ugy, F are
spherically symmetric satisfy equation (1.1). If « € R, ( ) (6 )
are both n-D radial Schrédinger-admissible, where ¢ # 2,1or ) qt 2,1
, and a, 6, € satisfy the “gap” condition

Then

lull - ze +llullcmussliuollas + llull s 25 (2.14)
Lste x L(ss+le§c'S !

Proof: we first prove the case when F = 0. Assume (e, 82_—51) is n-D
radial Schrodinger admissible, and by scaling, it suffices to prove
||e_i(S+S)AP0u0|| 28 S ”uollLi_ (2.15)
£ -1

s+etx

In view of the known results of Strichartz estimate (see [KEEL, M.
AND TAO.T, (1998)], [Tao. T (2000)]), we see that (2.15) hold if
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Now return to prove the case F # 0, (e, 82_—81) and (9, ;—_51) are both n-

D radial Schrodinger admissible, § # 2,1 and satisfy the “gap”
condition. By the already known estimates [KEEL, M. AND TAO.T
,(1998)] we implied the casea =0 . Ifa # 0, then by scaling it
suffices to prove

S+&

f e~i®p F(s)ds <IFIl s 25
28 LﬂL38—1

O L§+€L§__1 s+ex

Since either e > 2 or § > 2, thus, in view of Christ-Kiselev lemma it
suffices to prove

f e~l@Ap F(s)ds
R

2 SIFI 6 25,
LyelE Lreli™
which follows directly from Lemma. 2.5 and the non-retarded linear
estimates.

WK:\SS;\LA UNIVERSITY JOURNAL -TEWLFTH ISSUE - JUNE 2018 ISSN(Online): 1858 - 8476 ISSN(Print): 1858 - 8468



(M-Ali & Osman, 2018) (pY A platie 5 oie)

Strichartz Estimates and Applications for the Energy- Critical Nonlinear Schrédinger Equation

References:

1.

10.

Christ M., Kiselev A. (2001). Maximal functions associated to
filtrations, J. Funct. Anal 1.79 406-425.

Colliander J., Keel M., Staffilani G., Takaoka H., and Tao T. (2008).
Global well-posedness and scattering for the energy-critical nonlinear
Schrodinger equation in R3, Annals of Mathematics, 167, 767—865.

Ginibre, J. and Velo G. (1979a). On a class of nonlinear Schrddinger
equations. I. The Cauchy problem, general case. J. Funct. Anal.,
32(1):1-32.

Ginibre, J. and Velo, G. (1979b). On a class of nonlinear Schrodinger
equations. 1l. Scattering theory, general case. J. Funct. Anal.
,32(1):33-71.

Guo Z., Wang. Y. zh. (2014). Improved Strichartz estimates for a cl
ass of dispersive equations in the radial case and their applications to
nonlinear Schrédinger and wave equations, Journal d Analyze
Mathématique 124(1):1-38

Keel, M. and Tao T. (1998). Endpoint Strichartz estimates, Amer. J.
Math., 120, 955— 980.

Smith. H. F, Sogge. C. D. (2000). Global Strichartz estimates for no
trapping perturbations of Laplacian, Comm. Partial Differential
Equations, 25 2171-2183.

Tao T. (2000). Spherically averaged endpoint Strichartz estimates for
the two-dimensional Schrodinger equation. Comm. Partial
Differential Equations, 25, 1471-1485.

Visan M. (2011). “Global Well-posedness and Scattering for the
Defocusing Cubic nonlinear Schrédinge equation in  Four

Dimensions,” International Mathematics Research Notices, Vol.
2012, No. 5, pp. 1037-1067, doi:10.1093/imrn/rnr051.

Zucco D., Cordero E. (2010), Strichartz Estimates for the Schrodinger
Equation CUBO A. Mathematical Journal Vol.12, NBo03, (213-239).

EK\SSAL,\ UNIVERSITY JOURNAL -TEWLFTH ISSUE - JUNE 2018 ISSN(Online): 1858 - 8476 ISSN(Print): 1858 - 8468


https://arxiv.org/find/math/1/au:+Guo_Z/0/1/0/all/0/1
https://arxiv.org/find/math/1/au:+Wang_Y/0/1/0/all/0/1
https://www.researchgate.net/journal/0021-7670_Journal_d_Analyse_Mathematique
https://www.researchgate.net/journal/0021-7670_Journal_d_Analyse_Mathematique

